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Abstract. Let A be a smooth continuous trace algebra, with a Riemannian manifold spec- 
trum X, equipped with a smooth action by a discrete group G such that G acts on X properly 
and isometrically. Then A -1 x G is KK-theoretically Poincare dual to (A8>c (x)C't(X)) xiG, 
where A~ x is the inverse of A in the Brauer group of Morita equivalence classes of contin- 
uous trace algebras equipped with a group action. We deduce this from a strengthening of 
Kasparov's duality theorem. As applications we obtain a version of the above Poincare du- 
ality with X replaced by a compact G-manifold M and Poincare dualities for twisted group 
algebras if the group satisfies some additional properties related to the Dirac dual-Dirac 
method for the Baum-Connes conjecture. 



0. Introduction 

Various versions of Poincare duality in KK-theory and in equivariant KK-theory played 
a key role in the study of the Baum-Connes and Novikov conjectures and in index theory 
of pseudodifferential operators. In the past few years, instances of Poincare duality have 
appeared, in addition, in quite different contexts, e.g. dynamics (|12j). and in connection 
with Gromov hyperbolic groups (0|8]). For an extensive discussion of Poincare duality in 
the context of operator algebras we refer to the recent preprint [4] by Brodzki et al. 

The simplest type of duality is the non-equivariant sort, which was formulated by Connes, 
Kasparov and Skandalis; we refer to this as noncommutative duality. Two C*-algebras A 
and A are noncommutative duals (or are Poincare dual) if there is given, for every pair of 
C*-algebras (A,B), an isomorphism 

<S> AtB : KK(A®A,B) -^KK(A,A®B), 

and such that (^4, B) \— > &a.b is natural with respect to composition in KK and with respect 
to external products. Such a duality is equivalent to the existence of a pair A G KK(C, AdA) 
and A E KK(A(gA, C) satisfying the 'zigzag equations' of the theory of adjoint functors. One 
of the simplest examples is the C*-algebra of a finite group, where duality is equivalent to a 
very modest extension of the usual statement of the Green-Julg theorem, that 

KK{C*{H)®A,B) ^KK H (A,B) = KK(A, C*(H)<§B) 
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when A and B are trivial -ff-C*-algebras. (The precise form of the isomorphism is of 
course important.) The corresponding class A G KK(C*(-Ef)(g)C*(-Ef), C) is that of the *- 
homomorphism 

a®b ■-> \{a)p{b) G 1C(£ 2 H), 

where A is the left regular representation and p the right. 

The first purpose of this article is to generalize duality for C*-algebras of finite groups in 
a very obvious way, namely by extending to the situation where a discrete, possibly infinite 
group G, acts properly and co-compactly on a manifold X. In such a situation one can fix 
a G- invariant Riemannian metric on X. We are then in the situation of Kasparov's duality 
theorem [151 Theorem 4.9], which gives a canonical isomorphism 

(0.1) RKK G {X-A,B) = KKK G (X;C {X,A),C (X,B)) S KK G (C T (X)®A, B) 

for arbitrary G-C*-algebras A and B, where C T (X) is the C*-algebra of Co-sections of the 
Clifford bundle over X. It is not very hard to show that Kasparov's duality implies that the 
C*-algebras Cq(X) x G and C T (X) x G are Poincare dual. It is of interest to have explicit 
descriptions of the cycles giving rise to the duality classes A and A, but these will be given 
elsewhere. 

The main contribution of this paper is to extend this result by stating and proving a 
twisted version of it, namely that if Cq(X,8) is a continuous trace algebra, i.e., the section 
algebra of a locally trivial G-equivariant bundle of elementary C*-algebras representing an 
element 5 of the Brauer group Brc(X) (see [5]), then Co(X, 5~ x ) x G is Poincare dual to 
(Co(X, 5)(3c (x)C T (X)) x G, where <5 _1 is the inverse of 5 in the Brauer group. To prove 
this, we need to go back to the argument of the previous paragraph. What is needed is an 
extension of Kasparov's duality to the case where Cq(X, A) is replaced by a section algebra 
Tq(E) of a smooth G-equivariant locally trivial bundle of C*-algebras p : E — > X. For 
purposes of this extension, G is allowed to be a locally compact group and we do not assume 
the action to be proper, but we require that the bundle E is endowed with a G-invariant 
connection (see Section [T] below for the precise requirements). Such connections clearly exist 
when the bundle E is smooth and a discrete group G acts smoothly and properly or if a 
compact group G acts smoothly on E. 

We give the proof of our version of Kasparov's duality in SectionQ]below (Theorem ll.l3p . In 
Section [2] we first apply this result to obtain Poincare duality for twisted fT-theory of compact 
manifolds equivariant under an action of a compact group G (Corollary 12.2ft . We then obtain 
our duality result for crossed products Cq(X, 5) x G (Theorem l2.9p . As applications, we obtain 
in Section [3] Poincare dualities for crossed products C(M,5) x G, where G acts isometrically 
on the compact manifold M and 5 is a smooth element of the Brauer group Brc(M) and for 
group algebras C*(G,u>) twisted by 2-cocycles to € Z 2 (G, T), if G satisfies some additional 
properties related to the Dirac-dual Dirac method for the Baum-Connes conjecture (Theorem 
13.11 and Theorem 13.3ft . A special case of the latter has been obtained in \Q Example 2.6] (see 
also [U Example 2.17]). In Section [H we extend our results to a version of Poincare duality 
on non-G-compact manifolds using a compactly supported i^T-homology theory. Finally, in 
the course of proving the main results, we needed to prove the existence of G-equivariant 
Hermitian connections in certain cases. However in order to maintain the flow of ideas, we 
have placed these auxiliary discussions in the Appendix. 



KK-THEORETIC DUALITY FOR PROPER TWISTED ACTIONS 



3 



Remark 0.1. In the final stages of preparation of this note, a preprint of J.-L. Tu has come 
to our attention (|26j), in which he proves Poincare duality for twisted K-theory for compact 
manifolds equivariant under a compact Lie group action, i.e., he gives a proof of Corollary 
12.21 below (with some minor differences in the assumptions). Although the results have been 
obtained independently, there are noticeable similarities in the method of proof. 

1. Kasparov's Poincare duality for bundles 

If G is a locally compact group, then by a G-manifold we shall always understand a 
complete Riemannian manifold X equipped with an action of G by isometric diffeomorphisms. 
The section algebra C T (X) of the complex Clifford bundle of TX (which, by abuse of notation, 
we shall also refer to simply as the Clifford bundle of X) is then equipped with a canonical 
action of G. 

Let p : E — > X be a G-equivariant locally trivial bundle of C*-algebras. For such a bundle 
p : E — > X we denote by Tq(E) the algebra of Co-sections of E. For simplicity, we will use the 
notation T T (E) for To(E)0(j o ^x)C T (X) . We would like to formulate the following extension 
of Kasparov's first Poincare duality (jO.ip to such bundles: 

(1.1) 1ZKK G (X;T (E)®A, C (X,B)) = KK G (T T (E)®A, B). 

We refer to p22 2.19] for the definition of the groups KKK G (X; A, B) for G-C*-algebras A, B 
and 1ZKK G (X; A, B) for Co(X)-algebras A,B and X a locally compact G-space. Recall that 
RKK G (X;A,B) = KKK G (X; C (X, A), C (X, B)). 

Remark 1.1. We should note that equation (|l.lj) cannot hold for arbitrary Go(X)-algebras, 
even if G is the trivial group. To see a simple example let X = S 2 and let x be any fixed 
element of S 2 . Consider C as a C(S 2 ) algebra via the module action / • A := f(x)X. Then 
one easily checks that 1ZKK(S 2 ; C, C(S 2 )) = {0}. Indeed, if [H,4>, T] is a cycle representing 
a class in that group, we may first assume by standard arguments that <j>(\) = Aid^ for all 
A G C. Then the Hilbert G(S' 2 )-module H consists of continuous sections of a continuous 
bundle of Hilbert spaces over S 2 such that / • £ = for all / G C(S 2 ). But this implies 

that f(x)£(y) = (/ • 0(y) = (£ • f)(y) = S(v)f(v) for all / G C(S 2 ) and y G S 2 . This implies 
£(y) = for all y ^ x, and then £ = by continuity. On the other hand, we have 

KK(G T (5 2 )(g) C7(5 2 ) C,C) = KK(C7 2 ,C) = Z, 

where CI2 denotes the second complex Clifford algebra. 

Before we proceed, let us investigate in detail the original Kasparov Poincare duality (jO.ip . 
We first recall some definitions and notation of Kasparov from [15\ 4.3 and Definition 4.4]. 

Notation 1.2. Let X be a Riemannian G-manifold with distance function p : X x X —> 
[0, 00). Then there is a continuous G-invariant positive function r such that for any x, y G X 
with p(x,y) < r(x), there is a unique geodesic segment joining x and y. It can be defined 
as follows (see [15j 4.3]): Let cq{x) be the supremum of absolute values of all sectional 
curvatures of X at x, and c\{x) the supremum of co(y) for all y with p(x,y) < 1. Then 
r(x) = (c\(x) + l) -1 / 2 satisfies these requirements. 
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Now let U x be an open Riemannian ball of radius r{x) around x. Denote by Q x the covector 
field in U x which at the point y G U x is given by 

where d y means the exterior derivative in y. Consider the C*-algebra C T (U X ) as a Hilbert 
module over C T {X). Then & x G M(C T {U X )), and Q x 2 - 1 G C {U X ). The field of pairs 
{(C T (U X ), Q x ) X £x} defines an element of the group RKK G (X;C,C T (X)) which will be de- 
noted by @x- Alternatively, one may consider @x as a pair (.Ff/,G), where 

U = {(x, y) G X x X | p(x, y) < r(x)}, T v = (C (X)®C T (X)) \ v , 

and 6 C{!Fu) is given by the family {O^} (see [151 Definition 4.4]). We call @x the iweafc 
dual-Dirac element of X. 



Kasparov's isomorphism (jO.ip is given by the map 

fl 2) [i: RKK G (X;A,B) ^KK G (C T (X)®A,B) 

= o-x,c T (x)(a)®C T (x)^x 

with its inverse given by the map 



v : KK G (C T {X)®A, B) — ► RKK G (X; A, B) 



(1 3) 

V{P) = ®X® Co (X)®C T (X) a Co(X)(f3), 

(see |151 Theorem 4.9]) where dx is the Dirac class defined in [15, 4.2]. Now, in a first 
attempt to prove the isomorphism (jl.lj) one can see that the formula from (|1.2|) still gives us 
a well-defined homomorphism 

(1 4) li : KKK G (X;T (E)®A, C Q {X,B))-^> KK G (T T (E)<S>A, B) 

H(a) = o- x ,c T (x)( a )®c T (x) d x, 

even if we would replace Tq(E) by any Co(X)-algebra. But, unfortunately, the inverse map v 
of (|1.3p has no obvious extension to the bundle case, and it is the main technical result of this 
paper to show that in many important situations one can find a substitute for (jl.3p which 
will do the job (it follows from Remark 11.11 above that a similar result would be impossible 
for general Co(X)-algebras). As we shall see below, the main ingredient in this construction 
will be the construction of a certain element G^; G 7^KK G (A; Tq(E), Co(X)®T t (E)) (with 
Co(X)-action on the first factor of the algebra Co(X)<g>T T (E)), which will replace the element 
Ox in Q. 



Remark 1.3. (1) Notice that the class Q x G RKK G (A; C, C T {X)) does not depend on 
the particular choice of the function r : X — > (0, oo). In fact, if ro,ri : X — > (0, oo) are 
two such maps, then the elements Qt G RKK G (A; C, C T (X)) constructed as above via the 
distance functions rt(x) := tr\(x) + (1 — t)ro(x) give a homotopy connecting the elements 
corresponding to ro,r\. In particular, if x t— > r(x) has a lower bound r\ > (e.g., if G\X is 
compact), then we may replace the function r by the constant ij in the construction of Ox- 
In that case, the set U is clearly symmetric. 
(2) The pair (.Ff/,0) also determines a class 



Qu G ftKK G (X;Co(X),(C (X)®C T (X))| 
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so that the class Q x G RKK G (X; C, C r {X)) = TZKK G (X;C (X),C (X)^C T (X)) satisfies 
the equation 

(1.5) e x = l*(®u), 

where l : {Cq{X)®C t {X))\u — > Co(X)®C T (X) denotes the inclusion map. In what follows 
below, we shall often work with the element Qjj. 

Remark 1.4. The first idea for the construction of the element Qe was to consider the 
class ax,r (E)(@x) G KKK G (X;T (E),T (E)®C T (X)), but it turns out that the algebra in 
the second variable of 1ZKK G (X;-,-) is not quite right. We probably could define Qe via 
a x,r (E)(®x) if we had a G-equivariant Cq{X x X)-linear isomorphism 

(1.6) T (E)®C T (X) * C (X)®r T (E). 

Note that the two algebras are obtained by pulling back the bundle p : E — > X via the 
projection maps po,Pi ■ X x X — > X on the first and second variable, respectively, and then 
by tensoring C T (X) on the second variable of the section algebras of the pull-backs. We shall 
define O^; in Definition 1 1 . 1 1 1 based on this idea after we discus some further preliminaries. 

Notation 1.5. Recall the construction of the open subset U of X x X in Notation 11.21 
The important property of U is that for each (x, y) G U there exists a unique geodesic 
7a; y : [0, 1] — >• X joining x and y. Then the projection on the first variable po : U — * X and 
the projection on the second variable p\ : U — > X are G-equivariantly homotopic given by 
the homotopy 

p t : U — > X; p t {x,y) = J x , y (t). 

Let P : U x [0, 1] -> X, P(x, y, t) = p t (x, y) and P t : U x [0, 1] -> X; P t (x, y, s) = p t (x, y). 
Then, forgetting the G-action, it is a well-known fact from the theory of fibre bundles (e.g. 
see [11]) that there exists a bundle isomorphism 

(1.7) (p : P*E -» P£E ^ [0, 1] x p* E 

which fixes the base U x [0, 1] of these bundles, where, as usual, P*E and PqE denote the 
pull-backs of the bundle E via the maps P and Po- 

Remark 1.6. It is not clear whether or not one can always arrange for the map ip in (|1.7|) 
to be G-equivariant. If it is possible, we shall call p : E — > X a feasible G-bundle over X. 

We certainly have feasibility if E = X x A is a trivial bundle, A is a G-C*-algebra and the 
action on E is given by the diagonal action, in which case the isomorphism (jl.ip is equivalent 
to Kasparov's original result (10. 1|) . Moreover, it is shown in [2 J and [26, Section 3.2] that 
p : E — > X is always G-isomorphic to a feasible bundle in our sense if the fibres of E are 
the compact operators /C, G is a compact Lie group and the bundle p : E —> X satisfies a 
certain local condition which is spelled out in [21 §6]. If G is a compact group which acts 
trivially on the base X of a locally trivial bundle of compact operators p : E — > X one can 
use the classification of such bundles as given in [6] to show that they are always feasible at 
least if we allow to pass to a Morita equivalent bundle (which will not affect equation (jl.ip ). 
However, the details of this could easily fill one or two pages, and we do not think that this 
case is interesting enough to justify this effort. 
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In general, obtaining feasibility can be a non-trivial problem. In the Appendix (see Lemma 
15,21 and Proposition 15.31 below) we shall prove: 

Proposition 1.7. Suppose that p : E — > X is a locally trivial smooth G-bundle of C*- 
algebras over the G '-manifold X (this implies in particular, that the action of G is by smooth 
bundle automorphisms) . Then p : E — > X is feasible if there exists a G -invariant Hermitian 
connection on E. In particular, if G is compact or if G is discrete and acts properly on X , 
then p : E — > X is feasible. 

Remark 1.8. Notice that for every G-manifold X the Levi-Civita connection induces a 
canonical G-invariant connection on the Clifford bundle, so the Clifford bundle of a G- 
manifold X is always feasible. 

Remark 1.9. A recent paper by Miiller and Wockel (|20j) actually implies that every locally 
trivial bundle p : E — > X of compact operators over a manifold X is isomorphic to a smooth 
bundle. So the bundles of our main interest, namely those whose section algebras are con- 
tinuous trace algebras can always be chosen as to be smooth. But, unfortunately, it is not 
clear whether any (proper) group action on the given algebra can be realized, up to Morita 
equivalence, by a smooth action on this bundle. So it is not clear whether our smoothness 
assumptions can be avoided in that situation. Note that it is definitely not true that every 
automorphism of A comes from a smooth automorphism of E, even if the bundle is trivial 
and the group acts trivially on the base. The reason is that strongly continuous maps from 
X to VU are not automatically smooth. 

Suppose for now that ip : P*E — > PqE is a G-equivariant bundle isomorphism. Then it 
induces a G-equivariant and Cq(U x [0, l])-linear isomorphism of the section algebras 

(1.8) 4> : T (P*E) 4 r (P *£) 

which restricts on the sets U x {t} = U to G-equivariant and Go(f/)-linear isomorphisms 

(1.9) 4> t : F (p* t E) 4 r ( P *E) 

for all t £ [0, 1] (since (p restricts to isomorphisms <pt : p\E — > p^E on U x {t} = U). Note 
further that 

(1.10) rofro^) = (To(E)®Co(X))\u and T (plE) = (C (X)®r (E))\u, 

where for any continuous C*-algebra bundle E over some base space Y and any locally 
compact subset V of Y we put Tq(E)\y := Tq(E\v) (note that Tq(E)\v can also be realized 
as the balanced tensor product Co(V)<gic (Y)To(E) (e.g. see [23]) which carries canonical 
Cq(V)- and Go(y)-algebra structures). Recall from (jl.9p that we have a Go(C/)-linear (and 
hence also Cq{X x X)-linear) isomorphism 

(i.n) ^ : (r (E)®c (x))\u - (c (x)®r (E))\u. 

If we consider both algebras as Go(X)-algebras with respect to the second component, it 
follows from a simple argument of associativity of balanced tensor product (see Lemma ll.101 
below) that we obtain a G-equivariant Go(X)<8>G T (X)-linear isomorphism 

(1.12) ^ := fa&cm id CT(x) : (r (E)®C T (X))\ v $ (C (X)®T T (E))\u, 
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Lemma 1.10. Assume that A is a Cq(X x Y)-algebra, B is a Cq(X)- algebra and C is 
a Cq(Y) -algebra. Then B®q q ix)A and A® Co ( Y )C are Cq{X x Y)-algebras and there is a 
canonical isomorphism 

{B® Co (x) A ) ®c„{Y)C = B® Co{x) {A® Cq{y) C) 
as Cq{X x Y)-algebras. This isomorphism is also Cq(X x Y)®q (y\C = Cq(X)0C -linear. 

Proof. It is clear that the Cq(X x Y)-structure on A induces canonical Cq{X x Y)-structures 
on B®c ^x)A and A(& Co (y)C . It is then easy to check that the map 

(£><8>a)<8>c h-> 6(g>(a<8>c) 

satisfies all requirements of the lemma. □ 
Definition 1.11. For a feasible bundle p : E — ► X, we define @e as the element 

where 9t/ is from Remark [Up). Here <rx,r (^)( e t/) G ^KK G (X; r (£), (r (^)®C r (X))|[/) 
is the element obtained by tensoring Qjj over Cq{X) with r'o(.E'), 

■. (r (E)®c T (x))\u -» (CbCX)®^^)!!/ 

is the inverse of the isomorphism of (|1.12|) . and t : (C (X)®T T (E))\ U -> CoPO®^^) 
denotes inclusion. 

Remark 1.12. For later use it is necessary to give a precise description of a Kasparov triple 
corresponding to ®e- For this it is convenient to introduce some further notation. For 
t £ [0, 1] recall that pt : U — ► X is defined by pt(x, y) = J x ,y(t), with 7^ the geodesic joining 
a; with y. We then have an obvious equation 

(1-13) Fu® Co(x)>pt r (E) := ^®o (iO r o(Pt*-S) 

where J 7 u^c (x),p t ^o(E) is the balanced tensor product of T\j = [Cq{X)®C t {X)) \u with 
Tq(E) when Ty carries the Cq(X) structure induced by the map pt ■ U — ► X. Note that, in 
particular, we have 

Fu®c (X), Po ro(E) = (T (E)®C T (X))\u and Fu® Co[x)tP1 T (E) * (C (X)®T r (E))\ v . 
Following Definition ll.lll we obtain 

(1-14) Be = [(^0co(x), pi r o (^),^,@®l)], 

with left action of Tq(E) on this module given by the formula 

(1.15) Mfi-Z-^tfiTHf-MO) 

where the product / • is given via the canonical action of Tq(E) on 

Since this isomorphism is .T^y-linear (|l.llj) . it follows that the operator in is given by 
Kasparov's operator acting on the first variable of J r u^c (x),p 1 '^o(E). We now state the 
main result of this section: 
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Theorem 1.13. Let p : E — ► X be a feasible locally trivial G-equivariant C* -algebra bundle 
over a G '-manifold X and recall that T T (E) = Tq(E)®q (x)C t (X) . Then, for any pair of 
G-algebras A and B, we have a natural isomorphism 

H : KKK G (X;r (E)®A, C (X,B)) — ► KK G (T T (E)<g>A, B) 

M(«) '■= cr x,c T (x)(a)^c T (x)dx 

with inverse given by 

v : KK G (T T (E)®A, B) — >KKK G (X;T (E)®A, C (X,B)) 
v{fi) := &E® Co (X)^Y T (E) a C {X){(i), 
where @£ is the class as defined in Definition \l.ll[ 

In Section 4 we shall prove an analogue of the above theorem for a manifold with boundary 
(see Theorem 14. 1 1 1 below) . The main work for the proof of the Theorem 11.131 will be done in 
the proofs of the technical lemmas, Lemma 11.141 and Lemma 11.151 below. For later use in the 
proof of Lemma [1.141 we actually have to extend the construction of @e as follows: Consider 
P : U x [0, 1] — > X; P(x, y, t) = pt{x, y). We want to construct a certain element 

6 P € 1ZKK G (X x [0, l];r„(£)[0, l],?u[0, l]® Co{Uxm) r (P*E)) , 

where for any algebra A we write A[0,1] for C([0,1],A). Since E is feasible we have an 
isomorphism 

<t> ■ t (p*e) - r (P *(£)) * r (p5£)[o, i] 

which then induces an J-u[0, l]-linear isomorphism 

(1.16) : Fu[0, l]® Co(Uxm) T (P*E) 4 ^[0, l]®c (tfx[o,l]) r o(W- 
Moreover, we have an obvious isomorphisms 

(1.17) r v [0, l]® Co{Uxm) r (P£E) - (Fu® Coix)>po T (E)) [0, 1]. 
Thus we can define the element Qp by 

(1-18) 6p := {a cm (<T Xt T m(Pu))) ■ 

Evaluation of this element at t £ [0, 1] gives an element 

e t e 7eKK G (X;r (^),^^o(x), Pt ro(i?)) 

which is given by the Kasparov triple 

(1-19) @t = [{Fu®c {x), P ME),^ t , 8(8)1)] 

with ip t : T (E) -> /:(J"^7 ( § ) Co(X),p t ^o(-E , )) given by the formula 
(1-20) (&) -1 (/-^(0) 

where <p t : !Fu®Co{U)^o{PtE) — > Fu&CoiU^oiPoE) is the isomorphism induced by the iso- 
morphism (ftt '■ To(p^E) — > To(pqE) of (I1.19p . In particular, it follows from our constructions 
that 

(1.21) L*(Qi) = e E and e = a X j o(E) (e u ). 

The following lemma is an extension of [15, Lemma 4.5]: 
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Lemma 1.14. Let A and B be G-algebras. For any a £ TZKK G (X;T (E)®A, C (X,B)), 
the equation 

( L22 ) a®c (x)©x = ®E® Co (x)®r T (E) { a c (x) (°x,c T (X) (a) )) • 

holds in KKK G (X;r (E)®A, C (X)®C T (X)®B). 

Proof. Since taking Kasparov products over Cq{X) in TZKK° {X; •, -)-theory is commutative 
by [151 Proposition 2.21], we get 

«<§>cbpf)©x = ®x®c {x)U = vx,r (E)(®x)®r (E)oi. 
Hence it is enough to show that 

o"x,r o (s)( ^)« ) ro(i?)a = E^c o (x)®r r (B) {°c (x){°x,c T {x) («)))) • 
Consider the map P : U X [0, 1] — > X, (x, y, t) i— > pt(x, y) and the pull-back 

P*(a) G ftKK G ([/ x [0, 1]; T Q (P*E)®A, C {U x [0, 1])®B) 

as in [15, Proposition 2.20]. Let 

P ■= 3* (c r C/x[0,l],^ L r[0,l](- P * a )« ) W) 

G ftKK G (X x [0, 1]; ^[0, l]® Co(Ux[0jl]) r {P*E)®A, C (X)®C T (X)®B[0, 1]) , 

where i : !Fu[0,i\<g)B C(\0,l])®Co(X)®C T (X)®B denotes inclusion and is the map 
which changes the Cq(U x [0, l])-structure to the Cq{X x [0, l])-structure by letting Cq(X) 
act on the first variable in Cq{U). Then the restrictions of (3 at and 1 are 

(123) 00 = [^C^X^ToiE^CAX)^)) 

A = [ Ll ]®c (x)®r T (E) (o"c (X)( CT x,c T (*)(«))) , 
where t°, t 1 denote the inclusions 

<° : Fu®c (x), Po r {E)®A C T (X)®T (E)®A 

and 

■ Wc (x), Pl ^o(E)®A C (X)®r r (S)®A 
Indeed, if a is represented by the triple (S,(p a ,T), the isomorphism 

(Co(X)®C T (X))® Co(x)>Po £ = ^C T (I) 
restricted to U gives the isomorphism Fu®c (X),p £ — {£®C T {X))\u and then 

Po = 0tyv(Po(«))®M 

= [((£&C T (X))\u, y a ®i&c T {X), T® 1 )] ■ 
which is easily seen to coincide with [t ]®c r (x)®r (E){ a C T (X)( a )) ■ Similarly, 

Pi = o-u^viplia))®^} 

= [(Fu®c (X), pi £, ®Va, 
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and 

i Ll ]®c (x)®r T (E)®A ( a c (X) {vx,c T (x)(a))) 
= l L J^c (x)®r T (£)ig)A 

[(C (X)®(C T (X)® 0o{x) £), id Co (x)®(i<lc T (x) ®¥>a), l&T)] 

To complete the proof of the lemma, we consider the element 

& a : = o-A(©p)®^[o,i]® Co([7x[0il]) (r (F*B)®A) 

in ftKK G (X x [0,1]; F (E)®A[0, 1], C o (X)(g)C T (X)<g)B[0, 1]) . Then by (fOTT) and (fL23|) . 
the evaluations of Q a at and 1 are the following: 

(©a)o = a A (©o) ®^® 0o(tr) (To(p8£0®A) 

= (o"A(o-x^o(s)( e ^))®jTr® 0o(U )Cro(pSB)®ii) t i0 ]) ®c T (X)®r (B)®A( CT c7 T (x)(a)) 
= °"A-,r (£)(@x)(t'ro(£) a 

and 

(©a)l = ^A (©l) ®^® 0o(IO (r (pIB)8lA) ^0 

= (^(®l)®^® CoW , pi r (B)®A t* 1 ]) ®C (X)®T T (E)®A {°C (X){°X,C T (X)(u))) 
= O-A(4(6l))®o (X)8ir T (B)(8A ( CT Co(X)(^X,C T (X)(a))) 

= o-A(@E)®c (x)®r T (E)®A ( CT c (X)(o"x,c T (X)(a))) • 

This proves that ^,r (E)(ex)® r „(£)« and M©£)®c (A:)®r T (£)®A {°c (x)(°x,c T (X)(a))) 
are homotopic. □ 

Another important step for the proof of Theorem 11.131 is the following bundle-version of 
[15\ Lemma 4.6]. 

Lemma 1.15. Let S : C T (X)<g>T T (E) — ► T T (E)®C T (X) denote the canonical flip- 
isomorphism. Then 

(1-24) °x,r T (E) (ex) = K,c T (x) (©e)) 

in KK G (T T (E),T T (E)®C T (X)) . 

Proof. Recall the construction of 0# from Definition 11.111 and Remark 11.121 

&E = [(Fu®C (X) rP M E l V'S,©)]- 
The fiberwise action by ipE is as follows: 

[^E{ri){g®C)) (x, y) = g(x, y)<8> (^i) -1 (v(x)) £(y), 
where rj G r (^), 3<S>£ G J^®c (x), Pi ro(-E) and 

is the fibre map of the bundle isomorphism tp : P*E ^> PqE of Notations 11.51 
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/,From the above, we have 



°x,c t (X)(®e) = [C T (U)® Co{x)tPi r (E), Vi, e®i ro(J5) ) , 

r(x) 



where ipi = idc T (x) ®ipE and &(x,y) = P ^u\ (d y p) (x,y) from Notations ll.2[ Then the right 



hand side of (11. 24ft is written as follows: 

(1.25) e* {<t x ,Ct(x)(Qe)) = (c T (u)® Co{x)!P0 r (E), v E , o s ^i) , 

where U = {(x,y) : (y, x) G U} and 

(1.26) {^(f®c (x)V)(g®0) (x, y) = f(y) ■ g(x, y)&{<p VJB ,i)- x fa(y)) £(a:) 
for f® Co (X)V € C r (X)(g) Co(x) ro(^), G a(^)^c (X),po r o(^) 5 and 

(1-27) e E (x,y) = ^f (^p)(x,y). 

On the other hand, the element <Tx,r T (E) ls easily seen to be represented by the triple 
(1-28) {C T (U)® Co (x), Po ro(E), Vo, e®i) , 

with as above and with 

(1-29) Vo ((/®Cb(JT)»7)($®£)) (*> y) = /(») • y)®r/(x)e(x), 

for f®c (x)V e Cr(^)^c (x)r (^), s®£ e c r ([/)® Co(npo r (£). 

We are going to use Kasparov's homotopy {[(C r (£7), /it, @t)]}te[o,i] between cr^cvrx) 
and the class 8 G KK G (C T (X), C T (X)®C T {X)) given by the triple (C T (f7), /ti, ©i), where 
C T {U) = (C T (X)®C T (X))\u, m : C T {X) -> C(C T (U)) is given by multiplication on the 
second factor and 

(1-30) 6l (x,y) = ^f (d xP )(x,y), 

r{x) 

which is carefully described in the proof of [151 Lemma 4.6]. We may consider the triple 
(C T (U), fit,Qt) as a cycle for a class in KK G (C r (X), C T (U)) (note that the homomorphism 
[it ■ C T (X) — > C(C T (U)) is denoted tpt in [E]). One can easily check that it determines a class 
in 7ZKK G (X, C T (X), C T (U)), when the Co(X)-structure on C T (U) is given by the formula 

/ • £(x, y) := f(p t (x, y))S(x, y) for all / G C {X),£ G C T (U). 

Thus, we see that the family {[(C T (U), /it, @t)]}te[o,i] determines a class 

£KKK G (X,C T (X),C T (U)[0,1}) 

with respect to the Co(X)-structure on C T (U)[0, 1] given by 

/ • n(x, y, t) = f( Pt (x, y))n(x, y, t) for all / G C (X), r, G C T (U)[0, 1]. 

Consider the element 

<rx,r (E)(®) 6 nKK G (X;T T (E),T (E)® Coix) C T (U)[0, 1]). 

The balanced tensor product Tq(E)<S> Co ^ x ^C t (U)[0, 1] is canonically isomorphic to the algebra 
C T (U)®c (U)To(P* E), where P(x,y,t) = pt(x,y) is the map of Notations 11.51 
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Second, let w : U x [0,1] — ► U x [0,1]; (x,y,t) i— > (y,x,l — t). Then this induces a 
G-equivariant isomorphism 

c T (i/)® Co([/) ro(P* J E;) C T (U)® Co(U) T (m*P*E) 

and observe that (P*E)( X ^ = P 7a . y (t) and (w*P*E)^ xy ^ = E Jyx (i_ t y The isomorphism 
(/? : P*P — > P *P turns into an isomorphism : w*P*E — ► ro*P *P = (P o zu)*E, and we 
notice that P °ro:(/x[0,l]->I equals P± : U X [0, 1] — > X; Pl(x, y, i) = y. It follows that 

C T {U)® Co(u) Tv{P*E) * C T (U)® Co{U) T (m*P*E) 

- C T (U)® Co{d) T (w*PZE) 

- c T (C7)® Co(&) r (Pr^) 

= c T (f/)0 Co( ^r o (KP)[o,i] 

^S 1 c T (u)® Co{0) r ( P * E)[o,i], 

where <pi : Tq(pqE) — > ro(pfP) with respect to the base J7 is induced by the isomorphism 
01 : r G^P) -> r (pQp) on the base U via the flip a : U -> f/. 

Denote by ^ the above chain of isomorphisms. Note that maps the fibre Cl X)V ®E x over 
the point (x,y,0) G U x [0, 1] identically to the fibre Cl x ^ y ®E x over (y,x, 1) eC/x [0, 1] and 
the fibre Cl x>y (&E y over (x,y, 1) £ U x [0,1] to the fibre Cl x>y (&E x over (y,x,0) € C/ x [0,1] 
via the map id(8><£>~J. 1 . 

Now, forgetting the Co(X)-structure of ox,v (E)(®)i we get 

(^x,ro( E )(©)) G KK G (r T (E),C T (U)® Co{U) r (p* E)[0,l]) 

^ kk g (r T (p), (r T (E)®c T (x)) [o, i]) . 

If we evaluate this class at and 1 we get the triples: 

(c r (C/)® Co(x)iPo r (P),^o,e ) and (a(^)^c (x), P o r o(P),^i,@i) 

with 

@o(x,y) = {d y p) (x,y) and &i(x,y) = (d x p) (x,y) 

and the left actions V>o an d ipi given by 

l ^o(/®Cf (x) r /)(fl , ®£)) O^y) = f(x)g(x,y)<^rj(x)^(x) and 



(V'i(/®co(x)'?)(5®o) (z,y) = f(v)9(x,y)®<Py£ ! ,i('n(v))€(x), 

for f® Co (X)V e Cr(^)®Co(X)r (P), y®£ G Cr(^)®Co(X), P o r o(P) ) wh ere we have carefully 
evaluated the isomorphism ^ on the fibres over x, y £ U. Thus we see that evaluation at 1 
yields the element X* (&x,c t (x)(®e)) an d evaluation at gives an element which differs from 
a x,T (E)(®x) only by the fact that U is replaced by U and that Q(x,y) = p ^ x ^ (d y p) (x,y) 

is replaced by @q as described above. If r(x) = rj is constant (which we may always assume if 
X is G-compact), then U = U and r(x) = r(y) for all (x,y) £ U and we are done. Otherwise, 
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similar to the second part of the proof of |15^ Lemma 4.6] we deform U into U and into 
Go to finish the proof. □ 

We are finally ready for 

Proof of Theorem \1. 13[ We have to show that the maps /x and v of Theorem 11.131 are inverse 
to each other. 

(i/o //)(<*) = [QE]® Co (X)®r T (E) a C (X) {<rx,C T (X)(a)®c T (X)[dx]) 
= ([ s] ( § , Co(x)®r T (i?) CT Co(x)O-x,c T (x)(a)) ®c (X)®c T (x) a c (x)[dx] 
= [®®C (X)[@x]) ®c (X)®C T (X) a C (X)[dx] byLemma[TIl 

= OL® Co(yX) {[®x}®C (X)®C T (X) a C (X)[dx] 
= a by Lemma 4.8 in |15j . 



(fiov)(p) = o- x>Cr{x) ([&E]®c (x)®r T (E) a Co(x)(P)) ®c T (X)[dx] 
= °x,c T (x)[®E}®c T ®r T (E) {°cAx)((3)®c T (x)[dx}) 
= ^x,c T w[ e E]®c r «r T (£)Pfe]) 
= vx,c T (x)[®E]®c T ®r T (E){[dx}®P) 
= <rx,c T (x)[@E]®c T ®r T (E) {<rr T (E)[dx]®r T (E)P) 

= (vx,r T (E)[®x}®r T (E)®c T (x) (7 r T (E)[dx]) ®r T (E)P by Lemma EES] 

= v x ,t t {E) ([®x]®c ( X )®c T (x) a Co(x)[dx}) ®r T (B)/3 
= (3 by Lemma 4.8 in |15j . 

□ 

2. POINC ARE-DUALITY FOR CROSSED PRODUCTS BY PROPER ACTIONS 

Suppose that G is a locally compact group which acts on the locally compact space X. The 
G-equivariant Brauer group Brc(X) of X in the sense of [5] consists of X x G-equivariant 
Morita equivalence classes of continuous-trace C*-algebras A with base X and which are 
equipped with an action of G which covers the given action on X. The group operation in 
Brc(X) is given by taking tensor products over X and diagonal actions. We shall write 5 
for a class in Btg(X), and we shall denote by Co(X, 5) a representative of the corresponding 
continuous trace algebra equipped with the appropriate action of G. Moreover, we write 
Cq(X,5~ 1 ) for a representative of the inverse <5 _1 G Btg(X), and we write Cq(X, 5 ■ fi) for a 
representative of the product 5 ■ fi E Brc(X) if 8, (j, G Btg(X). In this notation we have (up 
to X xi G-equivariant Morita equivalence): 

(2.1) C (X,8)® Co{x) C (X,fi) = C (X,8- fJl ) and C (X, 5)®C Q (X, 8' 1 ) = C Q (X), 



as X xi G-algebras. 
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Lemma 2.1. If 5 G Btg(X), then for every pair of X xi G-algebras A and B, tensoring over 
Cq(X) with Cq(X,5) gives an isomorphism 

<rx,c {x,6) ■ HKK G (X;A,B) 7£KK G (X; C (X, <J)® Co (X)A C (X, 5)® Co {x)j B) . 
In particular, there is a canonical isomorphism 

ftKK G (X; C (X, 8)® Co(x) A, B) KKK G (X; A, C (X, r'j^^B) . 

Proof. By (|2. 1 j) it is instantly clear that <Tx c (x,8- 1 ) ^ s an inverse to <7x,c (x,5)- The second 
isomorphism follows easily from the first. □ 

If X is a G-manifold, then we shall say that a class 5 G Brc(X) is smooth, if it can be 
represented by a smooth G-equivariant locally trivial bundle p : E -> X of elementary C*- 
algebras equipped with a smooth action of G. Moreover, throughout this section we shall use 
the notation C (X,5 ■ r) := C Q (X, 5)®c (X) C t(X). 

As a direct consequence of Theorem 11.131 and the above lemma we obtain an equivari- 
ant version of Poincare duality in twisted AT-theory, i.e., for G-equivariant continuous-trace 
algebras over X. 

Corollary 2.2. Assume that G is a compact group, X is a compact G-manifold and 5 G 
Brc(X) is smooth. Then, for all G-algebras A and B there are natural (in A and B) iso- 
morphisms 

: KK G (C (X,5 -t)&A,B) -=+ KK G (A, C (X, (T^&B). 

Proof. Note that with our notations, we have Tq(E) = Co(X,6) and Tq(E)<^i Co ^x)C t (X) = 
Cq(X, 5 ■ t) if p : E — > X is a smooth bundle representing 6. By Proposition 15.31 we know that 
p : E — > X is feasible. Thus, by Theorem 1 1 . 1 3 1 and Lemma [2. II we have natural isomorphisms 

KK G (C (X, 5 ■ t)®A, B) ^ 1ZKK G (X; C (X, 8)® A, C (X, B)) 

^ KKK G (X ;Cq(X,A), C (X, 5~ 1 )(§>B) 

= KK G (A,C (X, r 1 )®^), 

where the last identification can be made because X is compact. □ 

Remark 2.3. As mentioned in the introduction, basically the same result (for compact 
Lie groups but without the smoothness assumption given above) was stated independently 
by Jean-Louis Tu in his recent preprint [26]. Although he does not make this explicit, his 
argument uses a certain locality condition for the bundle as spelled out in [21 §6]. 

We next recall the notion of Poincare duality for C*-algebras, see for example [7J. 

Definition 2.4. Let A and A be graded C*-algebras. Then A and A are Poincare dual if 
there exist classes A G KK(A<g)A, C) and A G KK(C, A<gA) such that 

(2.2) A<g> A A = l x , A® X A = 1 A . 

Equivalently, we are given a system of isomorphisms 

KK(A®A,B) KK(A,A®B) 

natural with respect to intersection and composition products. 
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Remark 2.5. Note that when we say A and A are Poincare dual, we already implicitly 
used the fact that Poincare duality is symmetric. Indeed one can show that A' := E*(A) € 
KK(A®A,C) and A' := £*(A) G KK(C,A<g>A) satisfy Equation ([22]), where S : A®A — ► 
A® A is the flip isomorphism. Likewise the equivariant Poincare duality (i.e., the above 
definition with the functor KK replaced by KK G ) is also symmetric. 

We now consider the case where a discrete group G acts properly on the G-manifold X, 
and that, in addition, G\X is compact. Then, if 5 € Brc(X) is smooth, we will show 
that the algebras Co (A, 5 ■ t) X G and Cq(X, d^ 1 ) x G are Poincare dual. For this we need 
some additional tools. The following lemma is a part of the proof of |16} Theorem 5.4] (a 
generalization to a much weaker notion of proper actions is given by Ralf Meyer in |18j): 

Lemma 2.6. Suppose that X is a proper G-space and that D is a X x G-algebra. Then 
there is a natural equivalence between the category of G-equivariant Hilbert D-modules and 
the category of Hilbert D x G -modules sending a Hilbert D -module £ to the Hilbert DxG- 
module £ constructed as follows: Write £ c := C C (X) ■ £ (:= £ ■ C C (X) with right action of 
C C (X) on £ given via the right action of D and the structure map Cq{X) — > ZM(D)). Then 
for £, rj G £ c and f G C C (G, D) C D xi G define a C C (G, D)-valued inner product and a right 
module action of C C (G, D) on £ c by: 

(£>v)c c (G,D){s) = (« H V a g(s -1 )(£ 5 7s(»7))£>) and 

(2.3) r 

£■/= / v / Ag(s- 1 )7 s (C-/(s- 1 ))^, 
Jg 

where 7 : G — > Aut(£) denotes the given action on £ . Then £ c completes to the corresponding 
Hilbert D x G -module £ . The algebra of adjointable operators C(£) is then isomorphic to the 
algebra C(£) G of G-invariant operators in £(£) and K,{E) coincides with the generalized 
fixed-point algebra K,{£) G in the sense of [151 Section 3]. 

Remark 2.7. In the special case where D = Cq(X) and where £ = Cq{X) is viewed 
as a Co(AT)-module in the canonical way, the above lemma gives a corresponding Hilbert 
Cq(X) x G- module £x ■= £ = C C (X). In this case Co(G\X) is the generalized fixed-point 
algebra of Cq{X) = JC(£), and hence we have Cq(G\X) = JC(£x)- The pair (£x,0) deter- 
mines a canonical class Ax £ lZKK(G\X;Co(G\X),Co(X) x G) and, if G\X is compact, a 
corresponding class Ax £ KK(C,Co(X) x G). The class Ax (resp. Ax) is often called the 
Mishchenko line bundle for X. 

The next result is a slight extension of a result of Kasparov and Skandalis ( |16l Theorem 
5.4]) which treats the case where A = C. The case where A is arbitrary and D = Co(X,B) 
for some G-algebra B was treated by Emerson and Meyer (see [91 Lemma 20]). Since the 
proof is a direct extension of the proofs of those special cases, we restrict ourselves to explain 
the basic steps: 

Theorem 2.8 (cf. [16|. Theorem 5.4] and [91 Lemma 20]). Suppose that G is a locally compact 
group and X is a proper G-compact G-space. Suppose further that A is a C* -algebra equipped 
with the trivial G-action and that D is an X x G-algebra. Then there is a natural isomorphism 

e A ,D ■■ KKK G (X;C (X,A),D) -=-> KK(A,D x G). 
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given by the composition 

1ZKK G (X;C (X,A),D) ^KK((C (X) x G)®A,D x G) aA ^$)® KK(A, D x G), 

where Jq denotes Kasparov descent morphism (and using the fact that Cq(X, A) x G = 
(Co(X) x G)(g>A, since G acts trivially on A), and Xx € -Ko(Co(^0 * G) is the Mishchenko 
line bundle for X . 

Proof. Let (£,T) be a cycle for 7£KK G (X; Cq{X, A), D). Consider the operator f = 
J G s(cT) ds, where c : X — ► [0, oo) is any compactly supported continuous function on X 
such that f G c(s~ 1 x) ds = 1 for all x € X (the arguments given in the proof of |15l Theorem 
3.4] show that the t i— > T + t{T — T) gives an operator homotopy between T and T, so that 
[£,7r,T)] = [(£ ,ir,T)]). There is a canonical pairing C C (X, A) x £ — > £ c which integrates to 
a map C C (X, A) © C C (G, £) — > £ c given by 

^ := / V^s" 1 • (£ • ( 5 (s))) 

A straightforward computation shows that this map preserves the inner products and the 
right actions of C C (G, D), so that it extends to an isomorphism 

{£x®A)® {Co{x>G) ^ A S x G -=-» £, 

with £ as in Lemma 12,61 We may then proceed precisely as in the proof of |16[ Theorem 
5.4] to see that [(S,T)] -> [(£,¥)] defines an isomorphism from 1ZKK G (X; Cq(X, A), D) to 
KK(^4, D x G), which coincides with the map as given in the theorem. □ 

Combining this theorem with Theorem 1 1 . 1 3 1 we are now able to prove: 

Theorem 2.9. Suppose that G is a discrete group acting properly on the G-manifold X such 
that G\X is compact and assume that 5 G Brc(X) is smooth. Then Co(X,5 ■ r) x G and 
Cq(X, 5 ) x G are Poincare dual. 

If, in addition, X is equipped with a G-equivariant spin structure, then there is a Poincare 
duality between Co(X,5) x G and Cq(X, S^ 1 ) x G of degree dim(X) mod 2, i.e., up to a 
dimension shift of order dim(X) mod 2. 

We show this using the natural isomorphism version of the definition: that is, by showing 
existence of a natural system of isomorphisms 

<S> AB : KK ({C {X, 5 ■ t) x G)®A, B) KK(A, (G (X, S' 1 ) x G)®B), 
one for each A, B. 

Proof. We define the map &a,b as a composition 

(2.4) $a,b ■= E a ,b o F A)B o G a ,b ° H A>B , 

where 

H AB : KK ((C (X, S ■ r) x G)®A, B) ^ KK G (C {X, 5 ■ t)®A, B) 
is the canonical isomorphism due to discreteness of G. The map 

G a ,b ■ KK G (G (X, 5 ■ t)®A, B) 4 1ZKK G {X; C (X, J)® A, C (X, B)) 
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is the inverse of the isomorphism of Theorem 11.131 The third map 

Fa,b ■ 7ZKK G (X; Cq(X, S)®A, Cq(X, B)) — > TZKK G (X; Cq(X, A), Cq(X, 5~ 1 )®B) 

is the isomorphism of Lemma 12.11 Finally, the map 

E AB : TZKK G (X; C (X, A), C (X, (T^&B) -> KK [A, {C (X, cT 1 ) x G)®B) 

is the map of Theorem 12.81 combined with the canonical isomorphism 

(CoiX^-^&B) x G = (Co(X, d^ 1 ) x G)®B 

which results from the fact that G acts trivially on B. It follows from the general properties of 
Kasparov products as outlined in [15] that all maps above are natural in A and B with respect 
to taking Kasparov products with elements in KK(A',A) or KK(B, B'), respectively. They 
are also natural with respect of taking external Kasparov products (i.e. Kasparov products 
over C with elements in KK(A' , B')). 

The final assertion now follows from the fact that existence of a G-equivariant spin c struc- 
ture implies the existence of a X x G-equivariant Morita equivalence 

C T {X) ~m GqPO (resp. C T (X)®Ch ~ M C (X)), 

if X has even (resp. odd) dimension (where Cl\ denotes the first Clifford algebra equipped 
with the trivial G-action). □ 

Remark 2.10. The above theorem can easily be extended to the following more general 
situation: Assume as in the theorem that G is discrete and that X is a proper G-manifold 
such that G\X is compact. Assume further that p : E — > X is a feasible locally trivial bundle 
of C*-algebras over X (where we do not assume that the fibres are elementary C*-algebras) 
such that there exists a Go(A)-algebra Tq{E) (this is just convenient notation — we do not 
assume that E is a locally trivial or even continuous bundle of C*-algebras over X) which is 
inverse to T (E) in KKK G (X;-,-), i.e., we have 

r (E)® Co{x) r (E) ~ nKK c c (x). 

Then replacing C (X,5-t) by T T (E) := r (E)® Co{x) C T (X) and C {X,5- 1 ) by T (E) in the 
proof of the above theorem will show that T T (E) xi G is Poincare dual to ro(-E') x G. 

3. Some Applications 

Throughout this section we want to assume that G is a discrete group such that there 
exists a G-manifold X which satisfies the following axioms: 

(Al) G acts properly on X and G\X is compact. 

(A2) X is a special G-manifold as defined in \15\ Definition 5.1]. 

(A3) X is G-equivariantly spin c . 
Notice that (A2) implies the existence of an element ijx £ KK G (C, C T (X)), unique under 
the conditions spelled out in Definition 5.1], which is dual to the Dirac element dx € 
KK G (C T {X)X) m the sense that 

(3.1) d x ®r, x = l Cr(x) G KK G (G T (X), C T {X)). 

The reverse product 

7G = r, x ®c T {x)dx G KK G (C,C) 
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is then independent of the special choice of X, and it is called the ^-element of G. We extend 
the above list of axioms by 

(A4) 7g = 1 G KK G (C,C) 

Any cocompact discrete subgroup G of an (almost) connected group L satisfies axioms 
(Al) and (A2) with X = L/K, the quotient of L by the maximal compact subgroup K 
equipped with the canonical L-equivariant metric. Notice that in this case, modulo passing 
to a double cover L of L, which, unfortunately, we have to pay by passing also to a double 
cover G of our subgroup G C L, the spin c axiom (A3) can always be arranged. However, 
Axiom (A4) imposes a more severe restriction on the groups, but it applies to all amenable 
(or, more generally, a-T-menable) groups G (see [TO]). 

If 7c = 1, it follows that C T (X) is KK^-equivalent to C, which then implies via Kasparov's 
descent homomorphism that 

(3.2) (A®C T (X)) X( r ) G ~kk A X( r ) G 

for the full and reduced crossed products of A®C T (X) ~ kk g A by G and for any G-C*- 
algebra A. Since G acts properly on X, we have (A<g>C T {X)) X G = (A®C T (X)) x r G by [151 
Theorem 3.13], and hence we see that G is KK- amenable in the sense that A x G ~kk Ax r G 
via the quotient map A x G — > A x r G. 
We use these observations to prove 

Theorem 3.1. Suppose that G satisfies Axioms (Al), (A2), (A3) and (A^). Assume further 
that M is a compact G '-manifold and that 5 G Brc(M) is smooth. Then C(M, 5 ■ r) »G and 
C(M, d^ 1 ) x G are Poincare dual of degree dim(A)mod2. 

If, in addition, M has a G-equivariant spin -structure, then C(M,5) x G is Poincare dual 
to C(M, <5 -1 ) x G of degree dim(A) + dim(M) mod 2. 

Remark 3.2. In Theorem 13.51 below we shall relax considerably the condition (A4) used 
above. However, in that theorem we have to give an extra spin c assumption which we can 
avoid in Theorem 13.11 above. 

Proof of Theorem\3J\ By Axiom (A3) we know that C T (X) (resp. C T (X)®Ch if dim(A) 
is odd) is A x G-equivariantly Morita equivalent to Cq(X). We therefore obtain a KK G - 
equivalence of degree dim(A)mod2 as in (13. 2ft with C T (X) replaced by Cq(X). Moreover, 
by the general properties of Clifford-bundles we have C T (X x M) = C T {X)®C T {M). Assume 
now that 5 € Brc(M) is smooth and let p : X x M — » M denote the canonical projection. 
Then C (X xM,p* 5) = C {X)®C{M,5) and C {X x M,p*5-r) = C T (X)®C(M,S -t), where 
we use the notation of Theorem 12.91 Thus, (|3.2[) and its variant for Co (A) imply that 

Co(A x M,p*5-r) x G ~kk C(M,5-t)xG and Co(A x M,p*5~ 1 ) x G ~kk C(M, -T 1 ) x G, 

where the latter is of degree dim(A) mod 2. Theorem 12.91 applied to the smooth class 
p*5 G Btq(X x M) with inverse {p*o~)~ l = P*(<5 -1 ) provides a Poincare duality between 
Co(X x M,p*5 ■ t) x G and Co(X x M,p*5~ 1 ) x G which, by KK-equivalence, implies dual- 
ity of degree dim(A) mod 2 between C(M, 5 ■ r) x G and C(M, S' 1 ) x G. 

The statement for the case where M is also spin c is now obvious. □ 
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In what follows next, we want to specialize the above result to the case where M = {pt}. In 
that case the algebra C(M, 5) will just be the algebra of compact operators on some Hilbert 
space equipped with an action of G. Such actions are classified up to Morita equivalence 
by the second group cohomology H 2 (G,T) with coefficient the circle group T considered as 
trivial G-module. To be more precise, if K, = IC(H) and a : G — ► Aut(/C) is given, one can 
choose a map V : G — > U[H) such that a s = Ad V s for all s € G. Then there is a cocycle 
io a € Z 2 (G, T) determined by the equation 

(3.3) V s V t = u a (s, t)V st for all s, t £ G 

and [a] i— > [o; a ]; Brc(pt) — > H 2 (G, T) is an isomorphism of groups (e.g. see [5]). 

On the other hand, given u; S Z 2 {G, T), then we can construct full and reduced twisted 
group algebras C*(G,u) and C*(G,u) as follows: The twisted convolution algebra £ 1 (G,a;) 
is defined as the vector space of all summable complex functions on G with convolution and 
involution given by 

f* u g(8) := ^/(iMrtMM -1 *) 
teG 

If V : G — >• U(H) is any ^-representation of G, i.e., V satisfies equation (j3.3f) . then V 
determines a *-homomorphism V" of £ 1 (G,uj) into B(H) via the formula 

n/):=^/( S )^) ; fe£\G,u), 

sgG 

and every nondegenerate *-representation of 1 1 (G,oj) appears in this way. The full twisted 
group algebra C*(G 1 lu) is defined as the enveloping C*-algebra of £ 1 (G,w) and the reduced 
twisted group algebra C*(G,uj) is obtained from the regular (^-representation L w : G — > 
U(£ 2 (G)) given by 

Notice that the isomorphism classes of C?JG,u) only depend on the class [u] G H 2 (G, T)! 

Assume now that V is any (D-representation on some Hilbert space H, where ui denotes 
the inverse of the cocycle u> and let a = AdV : G — > Aut(JC(H)). Then there is a canonical 
isomorphism 

(3.4) JC®C* r -)(G,u) = K x a ,(r) G with (K = K(H)) 

for the full and reduced crossed products, given on the level of ^-algebras by the formula 
i— > (s i— > f(s)kV*) (this can be regarded as a very special case of the stabilization 
theorem of [21]). Using all this, we get as a special case of Theorem 13.11 

Theorem 3.3. Suppose that G satisfies the axioms (Al), (A2), (A3) and (A4)- Then, for 
each oj € Z 2 (G,T), C*(G,co) and C*(G,u>) are Poincare dual of degree j = dim(X) mod 2. 

Proof. Theorem 13.11 applied to M = {pt} provides a Poincare duality for /C xi a ^ G and 
K- ><o -i G, where we denote by q w an action corresponding to the class [oj] G H 2 (G, T) as 
explained above. The result then follows from (j3.4h . □ 
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Note that in case G = Z n the above theorem implies the well known self dualities for the 
non-commutative n-tori, which are just the twisted group algebras G*(Z n ,u;) (in this case 
there is a canonical isomorphism G*(Z n ,w) = C* (Z n , Co)) . 

Remark 3.4. Since the assumption made on G in Theorems 13 , 1 1 and 13 . 31 imply i^-amenability 
of G, it is clear that the full crossed products (resp. twisted group algebras) in the statements 
of these theorems can be replaced by the appropriate reduced crossed products (resp. twisted 
group algebras). 

We want to finish this section by a discussion on how one could relax the assumptions in 
Theorem 13.11 In particular we would like to get rid of the relatively strong assumption ( A4) . 
So let us assume that G satisfies axioms (Al), (A2), and (A3). The idea is to replace Axiom 
(A4) by the considerably weaker assumption that the 7-element 7m xG of the groupoid M x G 
is equal to 1 C(M) € 1ZKK G (M; C(M), C(M)) (= KK M * G (C(M), C(M))) in the sense of Tu 
(see [Ml Section 5.2]). 

Note that by the main result of [25], this is always true if G acts amenably on M. But in 
order to get really more general results, we should not assume that M admits a G-invariant 
metric, since this together with amenability of the action of G on M would imply amenability 
of G. 

By the properties of the 7-element, as formulated in [241 Proposition 5.20], one easily 
checks that 7mxG = °~c(M){ig), an d hence the Dirac and dual-Dirac elements for M x G 
are given by d,MxG = <?c(M)(dx) and r] M xsG ■= ^C(M)(Vx), with d x , T]X as in the previous 
discussions. By assumption we have 

VMxG ® d M *G = 7M*G = lc(M) G 1ZKK G (M; C(M), C{M)). 

Hence, if 5 E Brc(M) is any element in the equivariant Brauer group of M, then tensor- 
ing everything above with C(M,5) over C(M) provides a TZKK G -, and hence also a KK G - 
equivalence D := <J m,c(m,5) (^Mxg) between Cq{X x M,p*(5)) and C(M,8), and hence KK- 
equivalence between the crossed products Cq(X x M,p*(S)) x G and C(M,5) x G, where 
p : X x M — > M denotes the projection. Note that, since full and reduced crossed products 
coincide for proper actions, we may replace C(M,5) x G by the reduced crossed product 
G(M, 8) x r G if we wish. 

Since G acts properly on X x M we may choose a G-invariant metric on X x M. We assume 
that this metric admits a G-invariant spin c -structure and also assume that 5 6 Brc(M) 
is smooth. Then we may apply Theorem 12.91 to obtain a KK-theoretic Poincare duality 
between Go(A x M,p*(5)) x G and Go(A x M,p*(5)~ 1 ) x G, which by the above observed 
KK-equivalences provides Poincare dualities for C(M,5) x>( r ) G and C{M,5~ 1 ) X( r ) G where 
the subscript (r) indicates that we may take maximal or reduced crossed products at any 
side as we wish! 

So, putting things together, we obtain 

Theorem 3.5. Suppose that G satisfies axioms (Al), (A2), (A3) above with respect to the 
proper G-manifold X . Assume that M is any compact G-manifold (we do not assume that G 
acts isometrically on M) such that the ^-element of the groupoid MxG in the sense of Tu (see 
[24j ) is equal to \c(m) (which is automatic if G acts amenably on M by [25JJ. Assume further 
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that X x M admits a G-equivariant spirf -structure. Then, for any smooth class 5 E Brc(M), 
there exists a KK-theoretic Poincare duality for C(M,5) X( r ) G and G(M, <5 _1 ) xi( r ) G. 

Example 3.6. Assume that L is a Lie group with finite component group such that L/K, the 
quotient by the maximal compact subgroup K of L, admits a L-equivariant spin c -structure 
(see the discussion at the beginning of this section). Assume that G is a cocompact discrete 
subgroup of L. Then G satisfies Axioms (Al), (A2), (A3) with respect to the manifold 
X = L/K. 

Let P C L be any maximal parabolic subgroup. Then P is a closed connected solvable 
subgroup of L such that M = L/P is a compact manifold on which L, and hence G, acts 
amenably (since P is amenable, see PQ). 

So the action of G on M satisfies all requirements of the above theorem if the action of G on 
L/K x L/P admits an equivariant spin c structure. This will certainly be true if L/K x L/P 
admits an L-invariant spin c -structure, which easily follows if L/P has an equivariant spin c - 
structure for the action of K. 

4. Extension of Poincare Duality to Non-G- Compact Manifolds 

In this section we want to show how to extend our main result to the case of non-G-compact 
manifolds X. Recall that for a Hausdorff topological space X, the K-homology of X with 
compact supports is defined as K%(X) = lim^ K*(Z), where Z runs through the compact 
subsets of X directed by inclusion. Here we want to consider a non-commutative variant of 
this. If G is a compact group, X a locally compact G-space, p : E —* X a G-equivariant 
C*-algebra bundle over X, and B a G-algebra, we write 

K* G (F Q (E);B) :=limKK«(r (£|z),£), 

where Z runs through the G-invariant compact subsets of X and E\z denotes the restriction 
of E to Z. We call K* g (Tq(E); B) the G-equivariant K-homology ofTo(E) with compact 
support in X and coefficient B and we simply write K* g (Tq(E)) if B = C. In this section 
we shall prove 

Theorem 4.1. Let G be a compact group which acts isometrically on the complete Riemann- 
ian manifold X. Let 5 € Brc(A) be a smooth element (the smoothness assumption can be 
avoided if G is the trivial group). Then, for any G-algebra B, there is a natural isomorphism 

K* tG (C (X, r 1 ); B) K?(C (X, 5 ■ t)®B). 

In particular, for B = C we obtain an isomorphism 

Kl G {C {X,8~ x )) * K?(C (X,6- t)) 

Remark 4.2. We should point out that the above result is symmetric in the sense that one 
can switch 5 and <5 -1 in the formula (which is trivial), but one can also move the Clifford- 
bundle to the other side, so that the first isomorphism becomes K* G (Co(X,5~ 1 ■ t);B) = 
KC(C (X,5)®B) (or K* G (Co(X,6- r);B) - K? (C (X, S^&B).) 
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Another result of Poincare duality which involves K-homology with compact supports is 
given for proper actions of discrete groups. In that case, if p : E —* X is a C*-algebra bundle 
over X and B is any C*-algebra (with trivial G- action), then we put 

K*(T (E) x G;B) := limKK»(r (£|z) x G,B), 

where Z runs through the G-compact subsets of X. This is the iT-homology of Tq(E) x G with 
compact support in G\X and coefficient B (for the trivial group), if we consider Tq(E) x G 
as the section algebra of a C*-algebra bundle over G\X (which one can do by [27]). We then 
extend Theorem 12.91 as follows: 

Theorem 4.3. Suppose that G is a discrete group acting properly on the (complete) G- 
manifold X and assume that 5 £ Brc(X) is smooth. Then for every C*-algebra B we get a 
natural isomorphism 

K^CoiX^- 1 ) x G-B) ^ K*(C (X,5 -t) x G&B). 
in particular, forB = C we get K*(C (X, 5 _1 ) x G) = K*(C (X, 5 ■ r) x G). 

Again, we should point out that one can move the symbol r for the Clifford bundle to the 
other side. The idea of the proof is to use an exhaustive increasing sequence of open sub- 
manifolds X n of X with G-compact closures X n such that X n is a manifold with boundary and 
then taking suitable limits over n € N. It is well-known to the experts that such a sequence 
exists, but we shall give a short argument below. We are grateful to Jorg Schiirmann, for 
providing the details and references for this argument: 

Proposition 4.4. Let G be a locally compact group acting properly by diffeomorphisms on 
the second countable manifold X. Then the following are true: 

(i) X admits a G-equivariant Riemannian metric (that is, G acts isometrically on X 
with respect to this metric). 

(ii) There exists an increasing sequence of open subspaces (X n ) n ^fq of X such that X = 
U n £fqX n and such that X n is a G-compact manifold with boundary for all n£N. 

Proof. The existence of a G-equivariant metric is shown in [22[ Theorem 4.2.4]. This is all 
we have to get if X is G-compact. So assume from now on that X is not G-compact. In 
[221 Theorem 4.2.4] it is also shown that for every G-invariant open cover of X, there exists 
a partition of unity consisting of G-invariant differentiable maps subordinated to this cover. 
Since G acts properly on X, the quotient G\X is also a second countable locally compact 
Hausdorff space, and hence we can find an increasing sequence of open sets U n in G\X with 
compact closures U n which covers G\X. Taking inverse images W n := q~ l (Un) Q X, we 
can then find a partition of unity (f n )n<=N subordinate to (Wn)ngN with the above specified 
properties. Then 

/:A^[0,oo);/(x) = ^n-/ n (x) 

nGN 

is a G-invariant differentiable map, which is G-proper, which means that inverses of compact 
sets in R are G-compact sets in X. By Sard's theorem, we find an increasing sequence (r n ) nS N 
of regular values for / such that r n — > oo for n — > oo. Since / is G-invariant, we can put 
X n = /- 1 ([0,r n ]) and the sequence (X n ) n£ fq then satisfies all requirements of (ii). □ 
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Definition 4.5. A Riemannian manifold (X,g) with boundary dX and with isometric tr- 
action by some locally compact group G, is said to be decomposable near the boundary if 
there exists a new Riemannian metric g' on X satisfying: 

• G acts isometrically on (X,g'). 

• There exists a neighbourhood of dX in (X,g') which is isometric to (0,1] x dX 
equipped with the product metric of <?r and g\dx- 

• The action of G on (0, 1] x dX is the product action, where G acts trivially on (0, 1]. 

Remark 4.6. Given two G-equivariant metrics g and g' on X, the Euclidean bundle (TX, g) 
is G-equivariantly isomorphic to (TX,g ! ), which follows from the fact that the two inner 
products in T X X differ by a completely positive transformation which depends smoothly on 
x £ X, and hence induces a bundle isomorphism. It follows directly from this that the Clifford 
bundle does not depend, up to G-isomorphism, on the given choice of a G-equivariant metric 
on X. 

Using standard methods from Differential Geometry, we can prove: 

Proposition 4.7. Let (X,g) be a Riemannian manifold with boundary dX and with isometric 
G-action such that G\X is compact. Then (X,g) is decomposable near the boundary. 

Proof. Define a local diffeomorphism <p : (— oo,0] x dX — > X; (x,t) i— » Exp,,, tv(x) : where 
v(x) is the normal vector at x to dX. Since t i— > Exp^ tv(x) is the unique path from x in the 
direction of v{x), and since the given metric g on X is G-equivariant, this map is equivariant 
with respect to the product action on (—00, 0] x dX coming from the trivial action on (—00, 0] 
and the given action on dX. 

For each x 6 dX there exists an open neighbourhood W x of x in dX and e x > such 
that 4>\(-e x ,o]xW x is a diffeomorphism. Since dX is G-compact, there exist finitely many 
W X1 ,..., W Xn such that GW Xl U • • • U GW Xn = dX. 

Let K = dX x dX \ U heG U™ =1 {hW Xi x hW Xi ). Then for every (x, y) e K, p(x, y) > and, 
since K is G-compact, rmsxr x y \^j( p(x, y) > 0. Let 

e= -min{min p(x,y), e xi , . . . ,e Xn )} > 0. 

Z K 

Then <f> : (— e, 0] x dX — > X is a diffeomorphism onto its image. 

One can now construct a Riemannian metric g' on X with isometric G-action by a smooth 
convex combination such that the restriction of g' to X\<fi((—e, 0] xdX) is g and the restriction 
of g' to </>([—§, 0] x dX) is the image of the product metric on [—§,0] x dX. Of course, after 
rescaling, we may replace [—§,0] by [0, 1]. 

□ 

If a Riemannian G-manifold X is decomposable near the boundary, we shall assume from 
now on that the metric is given as in Definition 14.51 We then extend the notion of decom- 
posability near the boundary to C*-algebra bundles over X as follows: 

Definition 4.8. Let X be a Riemannian G-manifold with boundary which is decomposable 
near the boundary. A locally trivial C*-algebra bundle p : E — » X over X is said to be 
decomposable near the boundary, if the restriction of E to [0, 1] x dX (which is the closure of 
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(0, 1] x dX in X) is G-equivariantly isomorphic to [0, l]x Eq, where Eq denotes the restriction 
of E to {0} x OX. 

As in for the question of feasibility, it follows from the general homotopy invariance of 
fibre bundles (see [11]) that every locally trivial C*-algebra bundle E over X is decomposable 
near the boundary if G is the trivial group. Moreover, as in Proposition 15.31 for feasible 
bundles, we may conclude that p : E — > X is decomposable near the boundary whenever it is 
smooth and admits a G-equivariant Hermitian connection. In particular, this holds whenever 

• E is smooth and 

• G is compact, or G is discrete and acts properly on X. 
Using this notation we get 

Proposition 4.9. Suppose that p : E — > X is a bundle over the complete Riemannian G- 
manifold with boundary X such that X and E are decomposable near the boundary. Let X 
denote the interior of X and let E denote the restriction of E to X. Then 

l* : 1ZKK G {X] T (E) <g> A, C (X , B)) -» 7ZKK G (X; T (E) <3 A, C (X, B)) 

is an isomorphism for all G-algebras A and B, where i : X — > X denotes inclusion. 

For the proof we need 

Lemma 4.10. Suppose that X and Y are locally compact G-spaces, p : E — > X is a locally 
trivial C*-algebra bundle over X with action of G and F : Y x [0, 1] — > X is a continuous 
map such that F*E is G-equivariantly isomorphic to FqE x [0, 1] as bundles over Y x [0, 1], 
where Ft : Y — > X denotes the evaluation of F at t for all t G [0, 1]. Let 

<p : T (F$E) - T (F*E) 

denote the isomorphism induced from the isomorphism F^E = FqE coming from the evalu- 
ation of the isomorphism F*E = FqE x [0, 1] at Y x {1}. Then 

F *(a) = p*CF?(a)) G TZKK G (Y;T (F^E)^ A, C (Y, B)) 

for alias KKK G (X; F (E)®A, C (X, B)). 

Proof. Consider the element F*(a) G 1ZKK G {Y x [0, l];T (F*E)<g)A,Co(Y x [0, 1],B)). For- 
get the C[0, l]-structure to view F*(a) as an element of KKK G (Y; T (F*E)®A, C (Y x 
[0,1], B)). The isomorphism F*E = FqE x [0,1] induces an isomorphism ^ : T (F*E) 
Tq(Fq E)<g>C[0, 1]. We then get a G-equivariant and Co(l A )-linear *-homomorphism 

i; : r (F *£) -» r (F*^); if,® = tf" 1 ^ ® 1) 

such that (p is equal to the composition of i/j with evaluation evi : Tq(F*E) — > Tq(F*E). 
Hence, the element 

r(F*(a)) G KKK G {Y;T Q {FZE)®A,C Q (Y x [0,1], B)). 

gives a homotopy in UKK G (Y; r (F * E)®A, C {Y, B)) between F *(a) and <p*(Ff(a)). □ 
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Proof of Proposition ^ -9[ Let Xi := X \ ((|, 1] x dX). We then consider the composition 

TZKK G (X; T (E) ® A, C (X, 5)) 

1ZKK G (X; T (E) ® A, C (X, S)) 

l 2 

^KK G (Xi;r (-Bi)(8)^,Co(Xi,B)) 

2 2 2 

ftKK G (Ii ;r (.Ei) <8>A,Co(Xi,B)), 
where Xi = X \ (fi.ll x <9X) denotes the interior of Xi, and Ex and i?i denote the 

2 2 2 _ 2 

restrictions of £7 to Xi and Xi , respectively. We further let i = i\ : X X, l% : Xi — > X, 

2 2 _ _ _ 2 

and £3 : Xi — > Xi denote the inclusions. Let h : X — ► Xi denote the homeomorphism 

22 2 

defined by 

h(y) = y for y G X and h(t,x) = (-j 33 ) for (i, x) G [0, 1] x dX. 

It is clear that /i restricts to a homeomorphism h : X — » Xi . The identity on X is homotopic 

to the composition X — > Xi t '— > 2 X by F : X x [0, 1] -> X such that 

2 

s) = y for all (y, s) G X x [0, 1] and 

F(t, x, s) = (t- y , x) for (i, x, s) G [0, 1] x <9X x [0, 1]. 

The restriction of -F to X x [0, 1] gives a homotopy F : X x [0, 1] — > X between the identity 

on X and the composition X — > Xi — > X. Since the bundle p : E —* X is decomposable 

2 

near the boundary dX, it is now easy to see that 

F*E ^ F£E x [0,1]= Ex [0, 1] 

and similarly that F*E = Ex[0, 1]. Indeed, since F s is the identity on X := X\((0, 1] x <9X), 
this structure is clear on the restriction of the bundle to X x [0,1], and on the remaining part 
[0, 1] x dX it follows from the decomposability of E near dX that the restriction of F*E to 
[0, 1] x dX x [0, 1] is isomorphic to [0, 1] x Eq x [0, 1], which is the restriction of E x [0, 1] to 

[0,1] x ax x [0,1]. 

Using this we can now apply the above lemma to see that h* o l* 2 o l\ is the identity 
on 7£KK G (X; Tq(E) <g> A,Cq(X , B)), which proves that 1* = l\ is injective. In a similar 
way we see that h* o l* 3 o <* is the identity on KKK G (X;T (E) ® A,C (X,B)). More- 
over, h* :KKK G (Xi;r (Ei)®A,C (Xi,B)) -> 7£KK G (X; T (E) ® A, C (X, B)) is an iso- 

22 2 

morphism with inverse (h~ 1 )* , since h : X — ► Xi is a homeomorphism. A similar state- 
ment holds for h*. Since h* o l$ o (| is the identity we see that £3 is surjective, and since 
i = ii = h^ 1 o t 3 o /i it follows from this that t* is surjective, too. □ 
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If X is a complete Riemannian manifold with interior X which is decomposable near the 
boundary dX, then it follows from the product structure [0, 1] x dX near the boundary that 
the interior X of X can be made into a complete manifold without boundary by changing the 
metric on [0,1) into a complete metric (i.e., via a suitable diffeomorphism [0,1) = [0, oo)). 
Since the action of G on the interval is trivial, this change of metric is compatible with the 
G-action. 

We say that a locally trivial C*-algebra bundle p : E — > X is feasible, if its restriction to X 
is feasible in the sense of §TJ where we regard X with the complete metric as discussed above. 
Using this notation and the above results together with Theorem 11.131 we get the following 
version for manifolds with boundary 

Theorem 4.11. Let G be a locally compact group and let X be a complete Riemannian 
G-manifold with boundary dX which is decomposable near the boundary. Let X denote the 
interior of X and suppose that p : E — > X is a feasible locally trivial C*-algebra bundle which 
is decomposable near dX. Then, for each pair of G-algebras A and B, there is a natural 
isomorphism 

TZKK G (X; T (E) ® A, C (X, B)) KK G (T (E)® Co{x) C T (X)®A, B). 

Remark 4.12. Recall from Proposition l4.7l that X is always decomposable near the boundary 
if X is G-compact. Recall also that by the results of §1 and the Appendix, the conditions 
on the bundle p : E — > X are always satisfied if G is the trivial group and E is any locally 
trivial C*-algebra bundle over X, or if G is compact or discrete and acts properly on X and 
E is a smooth G-bundle over X (which means in particular that the action of G on E is also 
smooth). In particular, if the compact or discrete group G acts properly on X, the result 
applies for all smooth elements 5 € Brc(X). as introduced in Sj2j 

Proof of Theorem \4-H\ By Proposition 14.91 we get a natural isomorphism 

l* : KKK G (X; T (E) ® A, C {X , B)) -» 7ZKK G (X; T {E) ® A, C (X, B)) 

and after changing the metric on X to make it complete, we can apply Theorem 11.131 to 
obtain a natural isomorphism 

KKK G (X;r (E)® A,C (X,B)) ^KK G (r (E)® Co{x) C T (X)®A,B). 

This finishes the proof. □ 

Suppose now that X is a complete Riemannian manifold equipped with a proper isometric 
action of the locally compact group G. By Proposition 14.41 we can find an increasing sequence 
(X n ) ne ^ consisting of G-compact (hence complete) sub-manifolds with boundary such that 
X = U n( zf>iX n , where X n denotes the interior of X n , and by Proposition 14.71 we know all 
X n are decomposable near the boundary. Therefore we may apply Theorem 14.111 to obtain 
isomorphisms 

(4.1) KKK G (X n ; T (E) ® A, C (X n , B)) = KK G {T Q {E)® Co{Xn) C T (X n )®A, B). 

Let 5 be a smooth element in Brc(X). For all n £ N we denote by CQ(X n ,5) the restriction 
of G (X, 5) to X n . 

We are now ready to give 
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Proof of Theorem \4.1\ Let (X n ) n ^ be as above. Apply Theorem 14.111 to Tq(E) = Co(X n ,5) 
for each n to get 

KKK G {X n - C (X n , 6) ® A, C (X n , B)) = KK G (C (X n , 5 ■ t)®A, B). 
By Lemma |2. II and the fact that X n is compact, we obtain 

KK G (A, C {X n ,5- l )®B) -=+ KK G (C (X n , 5 ■ t)®A, B). 
Using symmetry of Poincare duality (Remark I2.5|) , one also has 

KK G {Cv{X n ,5~ l )®A,B) KK G (A,C (X n ,5 ■ t)®B). 
Putting A = C and passing to the direct limit over n, we get 

iC G (Co(^,<T 1 ) x G; B) = limKK G (C7 (A > n ,5- 1 ),S) 

' n 

= limKK G (C, C (X n , 5 ■ t)®B) = K G (C (X, 5 ■ t)®B). 

n 

□ 

In a similar way we get 

Proof of Theorem \4-3\ Applying the maps H , F, E in the proof of Theorem 12.91 and the 
isomorphism from Theorem 14.111 applied to Tq(E) = Co(X n , 5), we have the following iso- 
morphism for every pair of algebras A and B with trivial G-action: 

KK(Co(X n ,5-T) x G®A, B) = KK(yl, Co^tT 1 ) x G®B), 

where X n = Int(X n ). By the symmetry of Poincare duality (Remark 12. 5|) . we can rewrite 
this into 

KK(Co(X n ,(J -1 ) * G®A, B) = KK(A, C (X n ,6-r) x G®B). 
Putting A = C and passing to the direct limit over n, this completes the proof. □ 

Remark 4.13. Notice that in the above proofs it is crucial to restrict to the case A = C 
before taking the limits over n, since KK-theory is not continuous under taking direct limits. 

5. Appendix 

Definition 5.1. Let p : E — > X be a locally trivial, smooth bundle of C*-algebras over a 
manifold X. Let r°°(S) denote the algebra of smooth sections. By a (Hermitian) connection 
on E we will understand a map 

V: T^iTX^T^iE) -» r°°(£) 

satisfying 

(i) V fV (a) = fV v (a), 

(ii) V v (fa) = fV v (a) + V(f)V v (a), 

(iii) V v (ab) = a\/ v (b) + Vy(o)6. 

(iv) V v (a*) = V v (a)*, 

for all / G C°°(X), V G r°°(TX) and a, b G T°°(E). 
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Hermitian connections on trivial bundles E = X xA always exist; for p el,a£ C°°(X, A), 
define Vy(a) := aji t _ o(7(*)) f° r 7 : ( — e > e) ^ X & smooth integral curve for V. It is easy to 
check that the space of connections for E is convex. By a standard argument [T7j it follows 
that a Hermitian connection exists for any locally trivial bundle E. Explicitly: 

Vy(a) = J>VV(s), 

i 

where {pi}i£i is a suitable partition of unity for X. 

If X is G-manifold and E is a smooth G-equivariant bundle (which requires also that G 
acts via smooth automorphisms of the bundle), then G acts on the space of connections on 
E by g : V i-> V 9 with 

V 9 v (s)=g(V g - lv (g- 1 s)). 

If G is compact then we may average an arbitrary Hermitian connection to obtain a G- 
invariant one. 

If G is discrete and acts properly on X, then we can write X as the union of G-spaces Ui 
each G-isomorphic to Wi x#. G, where Hi is a finite subgroup of G and W{ is an ffj-space. 
More precisely: W% is an open subset of X, Hi leaves Wi invariant, and the G-saturation 
G • Wi is a disjoint union of open subsets parameterized by the cosets of G/Hi. 

To obtain a G-invariant connection on E it therefore suffices by taking a G-invariant 
partition of unity subordinate to the cover {Ui}, to find a G-invariant Hermitian connection 
on E\u i for each Ui. We may assume that Wi is chosen sufficiently small so that the restriction 
of E to Wi is trivializable; we may then fix a connection on the restriction of E to W%. 
Furthermore, by averaging over the finite group Hi, we can assume that this connection is 
-ffj-invariant. Denote it V. Fix now a component W[ of Ui. There is then g £ G such that 
g(Wi) = W[, and hence g maps the restriction of E to Wi isomorphically to the restriction of 
E to W[. We may use this isomorphism to construct a gi/jg^-invariant connection on E\ w /. 
Since V was i?j-invariant, the choice of g is immaterial. In this way we obtain a G-invariant 
connection on E\jj i as required. 

We have proved: 

Lemma 5.2. Let E be a locally trivial smooth G-bundle of C*-algebras over a G-manifold 
X . Then, if either G is compact or discrete, there exists a G-invariant Hermitian connection 
on E. 

Any two G-invariant connections on E differ by a G-invariant bundle map TX — > 
Endc (r°° (E) ) . Since u>(ab) = uj(a)b + au(b), actually uj maps to the bundle Der(E) of 
derivations of E which are compatible with the adjoint operation: ojy(a*) = u)y{o)* ■ We 
emphasize that these derivations are bounded, by the closed graph theorem. 

Suppose that E is as above and is equipped with a G-invariant connection V. Parallel 
sections a along a smooth path in X are defined as usual with connections. This gives rise 
in the usual fashion to the notion of parallel transport along a path. To show that parallel 
transport exists, along a path, it suffices to show this locally, since X is connected. Since we 
always have the trivial connection locally, we need to solve an ordinary differential equation 
of the form a'(t) = uv{t)a{i). It is obvious that a G-invariant connection gives rise to a G- 
invariant parallel transport operation, and furthermore that parallel transport respects the 



KK-THEORETIC DUALITY FOR PROPER TWISTED ACTIONS 



29 



algebra multiplication: that is, if a and b are parallel sections along a path, then so is ab, 
because V satisfies the Leibnitz rule. So, putting everything together, we get 

Proposition 5.3. Suppose that X is a G-manifold and p : E — > X is a locally trivial smooth 
bundle of C*-algebras over X. Suppose further that there exists a G-invariant Hermitian 
connection for E. Then E is feasible in the sense of §1. In particular, if G is compact or if 
G is discrete and acts properly on X, then every G-equivariant smooth locally trivial bundle 
of C*-algebras over X is feasible. 

Proof Let U and P : U x [0, 1] -> X be as in NotationsO For (x, y) £ U let j XjV : [0, 1] X 
be the unique geodesic which joins x and y and let <p x ,y,t '■ E-y x y (t) ~> Ex denote the inverse 
of the parallel transport E x — > E^ x m along the path j x ,y Then ip : P*E — > PqE defined 
fibre wise by (p x ,y,t is a G-equivariant bundle isomorphism. □ 
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